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1. INTR~OUCTI~N 
Let 9 be a symmetric (u, k, I)-design. A residual design of 9’ is obtained 
by deleting one of the blocks of CS and all points occurring in that block. 
Then 9’ is a 2-design with parameters (u’= v- k, b’= v- 1, r’= k, 
k’ = k - 2, 1’ = A). A 2-design 8 with parameters (v’, b’, r’, k’, A’) is called a 
quasi-residual design if Y’ = k’+ 2’. Obviously, any residual design is a 
quasi-residual design. Now given a quasi-residual design 9 with 
parameters (u’, b’, r’, k’, A’), if there exists a symmetric design 9 with 
parameters (u = u’ + r’, k = r’, i = A’) such that 9’ is a residual design of 9, 
then 2’ is called embeddable; otherwise 9’ is called non-embeddable. 
All quasi-residual designs with A’ = 1 or 2 are known to be embeddable 
[3]. For A’ > 2 the situation is not understood. Bhattacharya [ 1 ] has con- 
structed for the first time a quasi-residual design with parameters (16, 24, 9, 
6, 3) which has a pair of blocks meeting in four points. Hence this design is 
not embeddable in a symmetric (25, 9, 3)-design. Note that the only 
parameter set (a, b, r, k, A) with k < +u, for which a non-embeddable quasi- 
residual design is known to exist, is that of Bhattacharya’s design. Other 
examples of non-embeddable designs with this parameter set can be found 
in [2, 4, 63. 
[6] has constructed a non-embeddable quasi-residual design with 
parameters (12, 22, 11, 6, 5). This is the first one with k = fu. By contrast, if 
k> tu, a large number of non-embeddable quasi-residual designs are 
known; see [S-7]. 
In this paper we are interested only in non-embeddable quasi-residual 
designs with k < iu. Our purpose is to present two new non-embeddable, 
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quasi-residual designs with the parameters (25, 40, 16, 10, 6) and (36, 63, 
28, 16, 12). In fact we construct these designs by assuming that they admit 
some automorphism group. 
2. A NON-EMBEDDABLE QUASI-RESIDUAL DESIGN 
WITH PARAMETERS (25, 40, 16, 10, 6) 
The following are 40 blocks of a quasi-residual design 9 with parameters 
(25, 40, 16, 10, 6). 
B1 = 1 3 4 7 10 13 14 19 19 21 
B2 = 2 4 5 8 6 14 15 19 20 22 
B3 = 3 5 1 9 7 15 11 20 16 23 
B4 = 4 1 2 10 5 11 12 16 17 24 
B5 = 5 2 3 6 9 12 13 17 18 25 
B6 = 6 7 10 12 15 18 19 22 25 1 
B7 = 7 8 6 13 11 19 20 23 21 2 
B8 = 8 9 7 14 12 20 16 24 22 3 
Bg = 9 10 8 15 13 16 17 25 23 4 
B10 = 10 6 9 11 14 17 18 21 24 5 
B11 = 21 23 24 3 4 12 15 17 20 6 
B12 = 22 24 25 4 5 13 11 18 16 7 
B13 = 23 25 21 5 1 14 12 19 17 8 
B = 14 24 21 22 1 2 15 13 20 18 9 
B15 = 25 22 23 2 3 11 14 16 19 lo 
816 = 17 18 19 20 3 4 8 9 22 25 
B17 = 18 19 20 16 4 5 9 10 23 21 
B18 = 19 20 16 17 5 1 10 6 24 22 
Big = 20 16 17 18 1 2 6 7 25 23 
B20 = 16 17 18 19 2 3 7 8 21 24 
B21= 1 3 4 6 8 9 21 22 25 11 
B22 = 2 4 5 7 9 10 22 23 21 12 
B23= 3 5 1 8 10 6 23 24 22 13 
B24= 4 1 2 9 6 7 24 25 23 14 
B25 = 5 2 3 10 7 8 25 21 24 15 
B26 = 11 13 14 3 4 6 7 10 17 20 
B27 = 12 14 15 4 5 7 8 6 18 16 
B28 = 13 15 11 5 1 8 9 7 19 17 
B2g = 14 11 12 1 2 9 10 8 20 18 
B30 = 15 12 13 2 3 10 6 9 16 19 
B3l = 11 12 15 7 10 21 22 25 17 20 
Bj2 = 12 13 11 8 6 22 23 21 18 16 
B33 = 13 14 12 9 7 23 24 22 19 17 
Bj4 = 14 15 13 10 8 24 25 23 20 18 
B35 = 15 11 14 6 9 25 21 24 16 19 
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B36 = 11 12 15 23 24 1 3 4 18 19 
B37 = 12 13 11 24 25 2 4 5 19 20 
B38 = 13 14 12 25 21 3 5 1 20 16 
B3g = 14 15 13 21 22 4 1 2 16 17 
B40 = 15 11 14 22 23 5 2 3 17 18 
We have constructed this design 9 by starting with the assumption that 
$S possesses the following automorphisms: 
p=(l 2 3 4 5)(6 7 8 9 lO)(ll 12 13 14 15) 
(16 17 18 19 20)(21 22 23 24 25) 
and 
r=(l)(6)(11)(16)(21)(2 5)(3 4)(7 10)(8 9)(12 15) 
(13 14)(17 20)(18 19)(22 25)(23 24). 
In fact p is of order 5 and r is an involution and F := (p, r ) is a Frobenius 
group of order 10. 
It remains to show that 9 cannot be embedded in a (41, 16,6)-design. It 
is worth mentioning here that a symmetric (41, 16,6)-design exists [8]. 
First note that any pair of blocks of 9 intersects in 2, 3,4, 5, or 6 points. 
Let us consider the blocks B,, Bz6, B,,, and B,, of 9. We see 
IB, n B2J = 6, IB, n B,,l = 5, P, n &,I = 5, l&n &,I = 4, I&, n &A =4 
and IBx8 n B,,I = 5. We show that B,, B26, B,,, and B,, cannot be exten- 
ded to blocks of a (41, 16, 6)-design. Let (26, 27,..., 41) be a set of 16 new 
points and let B) denote an extended block of Bi. Without loss of 
generality we can choose Bf , B&, and B& as follows: 
BT = B, u (26 27 28 29 30 31) 
B&= B,,u (32 33 34 35 36 37) 
B& = B,, v (26 32 33 38 39 40). 
By reason of intersection numbers of B,, with B, rB26, and B3*, we see that 
an extended block B$ takes at most 4 new points from the set 
(26, 27,..., 40). But we need 6 new points for B&, which is impossible 
because 41 is the unique free new point. Thus GS? is non-embeddable. 
3. A NON-EMBEDDABLE QUASI-RESIDUAL DESIGN 
WITH PARAMETERS (36,63,28,16,12) 
In the following we give 9 base blocks C1, C2,..., Cg of a quasi-residual 
design 9 with parameters (36, 63, 28, 16, 12). 
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c, = 00 4 6 7 8 11 13 14 22 25 27 28 29 30 31 33 
c, = cc 4 6 7 8 9 10 12 15 18 20 21 29 32 34 35 
c, = al 4 6 7 8 11 13 14 15 16 17 19 22 25 27 28 
c4 = co 4 6 7 15 18 20 21 22 23 24 26 29 32 34 35 
cs= 1 4 6 7 9 10 12 16 17 19 25 27 28 32 34 35 
cg= 1 4 6 7 11 13 14 16 17 19 23 24 26 32 34 35 
c,= 1 4 6 7 11 13 14 18 20 21 23 24 26 30 31 33 
c,= 1 4 6 7 9 10 12 18 20 21 25 27 28 30 31 33 
c,= 8 11 13 14 15 18 20 21 22 25 27 28 29 32 34 35 
9 is generated by using the following automorphism p of order 7: 
~=(a)(1 2 3 4 5 6 7)(8 9 10 11 12 13 14)(15 16 17 18 19 20 21) 
(22 23 24 25 26 27 28)(29 30 31 32 33 34 35). 
Furthermore the permutation c( of order 3 below is also an automorphism 
of 9. 
cc=(co)(1)(8)(15)(22)(29)(2 3 5)(4 7 6)(9 10 12) 
(11 14 13)(16 17 19)(18 21 20)(23 24 26) 
(25 28 27)(30 31 33)(32 35 34). 
In fact F := (p, cz) is a Frobenius group of order 21. 
In order to show that 9 is not embeddable in a symmetric (64,28, 12)- 
design, we consider the blocks Ci, C3, and C, and see that lC, n C31 = 12, 
IC, n C,I = 9, lC, n Cgl = 9. Let { 36, 37 ,..., 63) be a set of 28 new points. 
For the extended blocks CT and Cj’ we may put 
C: = C, v (36 37 38 39 40 41 42 43 44 45 46 47) 
CT= C3u (48 49 50 51 52 53 54 55 56 57 58 59}. 
As 1 Cg n Cr I = 1 Cg n C31 = 9, an extended block C,* contains exactly 6 new 
points from the set (36, 37,..., 59); on the other hand we need 12 new 
points for Cc, but we only have 4 new points 60, 61, 62, 63, which shows 
the impossibility of constructing C,*. Hence 9 is non-embeddable. 
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